Oort has conjectured that there do not exist Shimura curves lying generically in the Torelli locus of curves of genus g ≥ 8. We show that there do not exist one-dimensional Shimura families of semi-stable curves of genus g ≥ 5 of Mumford type. We also show that there do not exist Shimura curves lying generically in the Torelli locus of hyperelliptic curves of genus g ≥ 8. The first result proves a slightly weaker form of the conjecture for the case of Shimura curves of Mumford type. The second result proves the conjecture for the Torelli locus of hyperelliptic curves. We also present examples of Shimura curves contained generically in the Torelli locus of curves of genus 3 and 4.
Introduction
Let M g be the moduli space of smooth projective curves of genus g ≥ 2 over C, and A g be the moduli space of g-dimensional principally polarized abelian varieties over C. There is a natural morphism called the Torelli morphism, j : M g → A g , which sends a curve to its canonically principally polarized Jacobian. The image T o g is called the open Torelli locus, and its Zariski closure T g ⊆ A g is called the Torelli locus.
According to a conjecture of Coleman, for a fixed genus g ≥ 4, there are only finitely many CM-points in M g . This conjecture is known to be false for 4 ≤ g ≤ 7, by the fact that there exist Shimura subvarieties Z of positive dimension contained generically in the Torelli locus, i.e., Z ⊆ T g and Z ∩ T o g = ∅. We refer to [26] for a beautiful discussion of this topic. Combining with the conjecture of André-Oort, which says that a Shimura variety is characterized by having a dense subset of CM-points, one has the following expectation (cf. [30, § 5] , see also [26, § 4] ):
is called a Kuga subvariety if the inclusion is induced by a homomorphism G → Sp 2g for some algebraic group G (cf. [28] ). Moreover Z is a Shimura subvariety if Z is Kuga and contains a CM-point. A Kuga (resp. Shimura) curve U is a one-dimensional connected Kuga (resp. Shimura) variety. The corresponding universe family of abelian varieties over a Kuga (resp. Shimura) curve is called a Kuga (resp. Shimura) family of abelian varieties.
Let h : X → B be a semi-stable family of g-dimensional abelian varieties over a smooth projective curve B, with singular fibres Υ nc / ∆ nc . Let U := B − ∆ nc and V := h −1 (U ). Then h : V → U is an abelian scheme and the direct image sheaf R 1 h * C V is a local system on U which underlies a variation of polarized Hodge structure V of weight one. Let By [8] or [17] , E is decomposed as a direct sum Following [36] , the Higgs field is called to be maximal if
is an isomorphism, and strictly maximal if furthermore F = 0. The Arakelov inequality (cf. [7] or [14] ) says that
We say that the family of abelian varieties X → B reaches the Arakelov bound if the above inequality becomes an equality. It is shown in [36] that this property is equivalent to the maximality of the Higgs field for A, i.e., θ| A 1,0 is an isomorphism. It is proved in [37] by Viehweg and the second author that if h : V → U has a strictly maximal Higgs field, then h : V → U is a universal family over a Shimura curve of Mumford type, which means that if ∆ nc = ∅, then V is isogenous over U to a g-tuple self-product of a universal family of elliptic curves; if ∆ nc = ∅, then h is derived from the corestriction of a quaternion division algebra over a totally real number field with all infinite places ramified except one (see [37] for more details). Moreover, Möller showed in [23] that the converse also holds. In general, it is showed in [24] that h : V → U is a Kuga family if and only if it has a maximal Higgs field.
In [9] , Hain studied locally symmetric families of compact Jacobians satisfying some additional conditions. Based on his methods, de Jong and Zhang ( [13] ) proved that certain Shimura subvarieties parameterizing abelian varieties with real multiplication do not lie generically in T g for g ≥ 4. In [12] , de Jong and Noot developed a method based on a criterion due to Dwork-Ogus using p−adic Hodge theory ( [6] ) and proved that the base varieties of some specific universal families of curves arising from cyclic covers of P 1 are not contained generically in T g . Extending this to some general case, recently Moonen ([25] ) proved that there are exactly twenty families of curves coming from cyclic covers of P 1 such that the base varieties lie generically in T g with g ≤ 7, which implies that Conjecture 1.1 holds if the corresponding families arising from a universe cyclic cover of P 1 . In [18] , Kukulies showed that a given rational Shimura curve with strictly maximal Higgs field in A g cannot be contained generically in T g for g sufficiently large.
Our first result is to exclude certain Shimura curves arising from families of curves with strictly maximal Higgs field. We prove an effective bound on the genus g for which there exists a Shimura family of curves of genus g with strictly maximal Higgs field.
Let f : S → B be a family of semi-stable curves over a smooth projective curve B and let ∆ nc ⊂ B denote those points corresponding to fibres of f with non-compact Jacobians. Put U = B \ ∆ nc and S 0 := f −1 (U ). Then the relative Jacobian jac(f ) : Jac(S 0 /U ) → U is an abelian scheme over U . We call f to be a Kuga (resp. Shimura) family of curves, if jac(f ) is a Kuga (resp. Shimura) family of abelian varieties. The family f is called to be with strictly maximal Higgs field, if the Higgs field associated to jac(f ) is strictly maximal, or equivalently if jac(f ) is a universal family over a Shimura curve U of Mumford type by [37] . Theorem 1.2. For g ≥ 5, there does not exist a Shimura family f : S → B of genus-g curves with strictly maximal Higgs field.
Our next result is regarding Kuga and Shimura curves arising from families of hyperelliptic curves, without the assumption on the strictly maximality of Higgs field. Let
denote the moduli space of smooth hyperelliptic curves,
denote the moduli space of stable hyperelliptic curves with compact Jacobians and j(H g ) ⊂ j(H ct g ) ⊂ T g denote the images under the Torelli map. Note that the Zariski closure of j(H g ) in A g is j(H ct g ). A Kuga or Shimura curve U ⊂ A g is said to be contained generically in the Torelli locus j(H ct g ) of hyperelliptic curves, if
) and U ∩ j(H g ) = ∅.
It is clear that if f is a Kuga (resp. Shimura) family of hyperelliptic curves, then the image of U under the Torelli map is a Kuga (resp. Shimura) curve lying generically in j(H ct g ).
Conversely, given a Kuga (resp. Shimura) curve U lies generically in j(H ct g ). We like to show U ⊂ j(H ct g ) is induced by a Kuga (resp. Shimura) family of hyperelliptic curves. By taking an n-level structure, we may assume that U ⊆ T g,n ⊆ A g,n , hence, U carries a universal family h : V → U of abelian varieties, which is the Kuga (resp. Shimura) family of abelian varieties over U classifying the level n-structure. We consider now the Torelli map j : M g,n → A g,n By Oort-Steenbrink (cf. [31] ), j is a 2-to-1 morphism exactly outside the hyperelliptic locus H g,n ⊂ M g,n . Furthermore, the restriction of j to the hyperelliptic locus
is injective and immersion. So, we may regard
as the blowing up along the subvariety j(H ct g,n ) \ j(H g,n ). Since U is a smooth and closed curve in j(H ct g,n ) and U ∩ j(H g,n ) = ∅, the proper transformationÛ ⊂ H ct g,n of U under the blowing up j is isomorphic to U jÛ :Û ≃ U.
Hence, the pullback of the Kuga (resp. Shimura) family of abelian varieties
under the isomorphism jÛ is again a Kuga (resp. Shimura) family
By the definition of the Torelli map j, it is the Jacobian of the pullback toÛ → H ct g,n of the universal family of stable hyperelliptic curves of compact type toÛ → H ct g,n , saying
there does not exist a Kuga family f : S → B of hyperelliptic curves. In particular, for g ≥ 8 there does not exist a Shimura family f : S → B of hyperelliptic curves.
By the above discussion, as a consequence of Theorem 1.3, we obtain
there does not exist a Kuga curve, which lies generically in the Torelli locus j(H ct g ) of hyperelliptic curves. In particular, for g ≥ 8 there does not exist a Shimura curve, which lies generically in j(H ct g ).
Let f : S → B be a semi-stable family of curves of genus g ≥ 2. Let Υ → ∆ denote the semi-stable singular fibres, Υ c → ∆ c denote the singular fibres with compact Jacobians, Υ nc Υ \ Υ c → ∆ nc ∆ \ ∆ c correspond to singular fibres with non-compact Jacobians, U := B \ ∆ nc , and S 0 := f −1 (U ). Then the logarithmic Higgs bundle associated to the VHS of the relative Jacobian jac(f ) : Jac(S 0 ) −→ U is decomposed as Higgs bundles
(log ∆ nc ) is described on Page 2. Since the family f : S → B is semi-stable, it is well known that
Theorem 1.2 is then a consequence of the following facts:
(i). Given a semi-stable family f : S → B of curves with strictly maximal Higgs field, the Arakelov equality for the characterization of the relative Jacobian
to be a Shimura family becomes (cf. [37] ):
(ii). The following two theorems on a non-isotrivial semi-stable family of curves.
Let f : S → B be as above. For every singular fibre F , let δ i (F ) be the number of nodes of
, where a node q of F is said to be of type i (1 ≤ i ≤ [g/2]), if the partial normalization of F at q consists of two connected components of arithmetic genera i and
(1-2) Theorem 1.4. Let f : S → B be a non-isotrivial semi-stable family of curves of genus g ≥ 2 as above, and ω S/B = ω S ⊗ f * ω ∨ B the relative canonical sheaf. Then
Theorem 1.5. Let f : S → B be the same as in Theorem 1.4. Then
Moreover, if ∆ nc = ∅ or ∆ = ∅, then the above inequality is strict.
Theorem 1.4 is a direct consequence of Moriwaki's sharp slope inequality (cf. [27] ). While Theorem 1.5 is based on Miyaoka's theorem (cf. [21] ) for the bound on the number of quotient singularities in a surface. The base change technique is also a key point. The proof of Theorem 1.3 is much more complicated, but the idea is the same as that of Theorem 1.2. Without the assumption on the strictly maximality of Higgs field, we have to bound the rank of the flat part of the Higgs bundle and to give an analogous lower bound of ω 2 S/B for a semi-stable family f : S → B of hyperelliptic curves with positive relative irregularity q f := q(S) − g(B). Theorem 1.6. Let f : S → B be as in Theorem 1.4. If f is a hyperelliptic family, then after passing to a finiteétale cover of B, the local subsystems F 1,0 and F 0,1 become to trivial local systems.
So, by Theorem 1.6 together with Deligne's global invariant cycle theorem (cf. [4, § 4.1]) or Fujita's decomposition theorem (cf. [8, Theorem 3 .1]), we show that the relative irregularity q f is equal to rank F 1,0 after passing a finiteétale cover of B, i.e.,
Thus the Arakelov equality (cf. [24] ) for the characterization of the relative Jacobian of f : S → B to be a Kuga family becomes
(1-5) Theorem 1.7. Let f : S → B be as in Theorem 1.4 and q f = q(S) − g(B) the relative irregularity. Assume that f is a hyperelliptic family. Then
Moreover, if ∆ nc = ∅ and q f ≥ 2, then
There are two ingredients in the proof of Theorem 1.6. The first one is Lemma 5.2 on the global invariant cycle with unitary locally constant coefficient. The second one is Bogomolov's lemma on Kodaira dimension of an invertible subsheaf of the sheaf of logarithmic differential forms (cf. [34] ). The proof of Theorem 1.7 is based on formulas given by Cornalba and Harris (cf. [3] ). When q f > 0, the observation that the smooth double cover induced by the hyperelliptic involution is fibred (cf. Proposition 4.4) plays a crucial role.
In order to illustrate the idea how Theorem 1.2 (and Theorem 1.3) follows from the above ingredients, we just consider here the simplest case: U is non-compact (i.e., ∆ nc = ∅) and the logarithmic Higgs bundle associated to the family has strictly maximal Higgs field. By (1-1) together with (1-3), one has
Note that (1-4) in Theorem 1.5 is strict if ∆ nc = ∅. Hence by Theorem 1.5, we have
By the definition,
Combining all these together, one obtains
Because both δ 1 (Υ) and δ h (Υ) are non-negative, it follows that g < 4, i.e., there does not exist a Kuga family f : S → B of curves of genus g ≥ 4 with ∆ nc = ∅ and strictly maximal Higgs field.
The paper is organized as follows: In Section 2, we introduce some notations and terminology. In Section 3, we prove Theorems 1. 4 [3, Proposition 4.7] ) together with Noether's formula. When q f > 0, the proof starts from the observation that the double cover π : S → S/ σ induced by the hyperelliptic involution is fibred. As a consequence, the branched divisor of π is very special. And the proof of Theorem 1.7 is completed in Section 4.3 by combining this with Cornalba-Harris' formula. Theorem 1.6 is proved in Section 5, which is based on two ingredients. The first one is Lemma 5.2 on the global invariant cycle with unitary locally constant coefficient, which generalizes Deligne's original theorem with the constant coefficient. The second one comes from Bogomolov's lemma on Kodaira dimension of an invertible subsheaf in the sheaf of logarithmic differential forms on a smooth projective surface (cf. [34, Lemma 7.5] ).
In Section 6, we are in the position to prove Theorems 1.2 and 1.3 with the idea demonstrated on Page 6. Assume f : S → B is a Kuga family of curves of genus g. Then the Arakelov inequality for f becomes to an equality
Theorems 1.4 and 1.5 together with this equality for rank A 1,0 = g give rise to the required bound g ≤ 4, which proves Theorem 1.2. If f is hyperelliptic, according to Theorems 1.5 and 1.7 together with the above equality for rank A 1,0 = g − q f by Theorem 1.6, we obtain inequalities of g as a rational function of the variable g in the different subcases. We prove Theorem 1.3 by showing that g ≤ 7 in all subcases. Finally in Section 7, we present two examples of Shimura curves contained generically in the Torelli locus of hyperelliptic curves of genus g = 3 and 4 respectively. In particular, the Higgs field in the example of genus g = 4 is strictly maximal, which shows that the bound in Theorem 1.2 is optimal.
Preliminaries
In this section, we introduce notations and terminology that will be used in the paper. A curve F is called semi-stable (resp. stable) if it is a reduced nodal curve, and every smooth rational component intersects the rest part of F at least two (resp. three) points. A morphism f : S → B is called a semi-stable family (resp. stable family) of curves of genus g, if f is a morphism from a projective surface S to a smooth projective curve B with connected fibres, the general fibre is a connected nonsingular complex projective curve of genus g, and all the singular fibres of f are semi-stable (resp. stable). In this paper, when we talk about a semi-stable family f : S → B as above, we always assume the total surface S is smooth. If the general fibre of f is a hyperelliptic curve, then we call f a hyperelliptic family. f is called smooth if all its fibres are smooth, isotrivial if all its smooth fibres are isomorphic to each other. f is called relatively minimal, if there is no (−1)-curve contained in fibres of f . Here a curve C is called a (−k)-curve if it is a smooth rational curve with self-intersection C 2 = −k. Note that by definition, f is relatively minimal if f is semi-stable.
Let ω S (resp. ω B ) be the canonical sheaf of S (resp. B). Denote by
, and χ top (X) the topological Euler characteristic of a variety X, where Ω 1 S is the differential sheaf of S. For a semi-stable family f : S → B of genus g ≥ 2 with singular fibres Υ/∆, we consider the following relative invariants:
They satisfy the Noether's formula:
These invariants are nonnegative. And deg f * Ω 1 S/B (log Υ) = 0 (equivalently, ω 2 S/B = 0) if and only if f is isotrivial. Note that for a singular fibre F , δ(F ) is also equal to the number of nodes contained F . Hence δ f = 0 iff f is smooth, in which case, f is called a Kodaira family if moreover f is non-isotrivial.
By contracting all (−2)-curves contained in fibres of a semi-stable family f : S → B, one gets a stable family f # : S # → B,
In this case, of course, S # is not necessarily smooth. For any singular point q of S # , (S # , q) is a rational double point of type A λq , here λ q is the number of (−2)-curves in S over q.
For each singular fibre F of a semi-stable family f : S → B of genus g ≥ 2, we define δ i (F ) for 0 ≤ i ≤ [g/2] in the following way. A singular point q of F is said to be of type
) if its partial normalization at q consists of two connected components of arithmetic genera i and g − i for i > 0, and is connected for i = 0. Then δ i (F ) is the number of singular points in F of type i. We call also define δ i (F ) according to its stable model F # ⊆ S # . To do this, first we similarly define singular points of type i as before. Around a singular point q ∈ F # in S # , locally S # is of the form xy = t mq , where t is a local coordinate of B around f # (q). We call m q is the multiplicity of q. Then δ i (F ) is the number of singular points of F # of type i counting multiplicity. We remark that (S # , q) is a rational double point of type A mq−1 , if m q > 1 is the multiplicity of q.
Let Υ → ∆ denote the singular fibres, Υ c → ∆ c denote those singular fibres with compact Jacobians, and Υ nc Υ \ Υ c → ∆ nc ∆ \ ∆ c correspond to singular fibres with non-compact Jacobians. Define
Let M g (resp. M g ) be the moduli space of smooth (resp. stable) complex curves of genus g. By [5] , the boundary M g \ M g is of codimensional one and has [g/2] + 1 irreducible components, saying, ∆ 0 ,
. The geometrical meaning of the index is as follows. A general point of ∆ i (i > 0) corresponds to a stable curve consisting of a curve of genus i and a curve of genus g − i joint at one point, and a general point of ∆ 0 represents an irreducible stable curve with one node. These boundaries define divisor classes
There is also a natural class λ ∈ Pic (M g ) ⊗ Q, called the Hodge class. A non-isotrivial semi-stable family f : S → B of curves of genus g ≥ 2 determines a non-constant morphism ϕ : B → M g . Then one has (cf. [5] )
For a singular points in a stable hyperelliptic curve F # , we have a more detail description by using the induced double cover. To see this, first note that F # has a semi-stable model F which is an admissible double cover (cf. [3] or [10] ) of a stable (2g + 2)-pointed noded curve Γ of arithmetic genus zero. Let ψ : F → Γ be the covering map, and let p be a singular point of Γ. The complement of p has two connected components Γ ′ and Γ ′′ , so the set of marked points of Γ breaks up into two subsets: those lying on Γ ′ and those lying on Γ ′′ ; let α and 2g + 2 − α ≥ α be the orders of these two subsets. Following [3, P 467 ], α is called the index of the point p. Note that α ≥ 2. If p has odd index α = 2k + 1, then ψ must be branched at p, and the unique singular point q lying above p is a singular point of type k. Suppose that the index α = 2k + 2 is even, then ψ is unbranched at p, so ψ −1 (p) consists of two points q ′ and q ′′ , and ψ −1 (Γ ′ ) and ψ −1 (Γ ′′ ) are semi-stable hyperelliptic curves of genera k and g − k − 1, joint at q ′ and q ′′ . In particular, both q ′ and q ′′ are singular points of type 0.
Let f : S → B be a semi-stable family of hyperelliptic curves, and F a singular fibre. Let B → B be a base change of degree d and totally branched over f (F ),f : S → B the corresponding semi-stable family, and F the pre-image of F . If d is sufficiently large, then we see that F is an admissible double cover of a stable (2g + 2)-pointed noded curve Γ of arithmetic genus zero. Let ξ 0 ( F ) equal to two times the number of singular points of Γ of index 2, and ξ j ( F ) equal to the number of singular points of Γ of index 2j + 2 for
It is clear that ξ j (F )'s are independent on the choices of the base change, and hence welldefined invariants. And
We also define
) be the moduli space of smooth (resp. stable) hyperelliptic complex curves of genus g. The above discussion shows that the intersection of ∆ i and H g (i > 0) is still an irreducible divisor (see [3] for more details). By abuse of notations, we still denote it by ∆ i . The intersection of ∆ 0 and H g , however, is reducible. Let Ξ j be the locus of all curves in H g such that the corresponding marked pointed noded curve Γ of arithmetic genus zero has a singular point of index 2j + 2. Then (cf. [3] )
A general point in Ξ 0 corresponds to an irreducible stable hyperelliptic curve with one node. A general point of Ξ j (1 ≤ j ≤ [(g − 1)/2]) represents a stable curve consisting of a hyperelliptic curve of genus j and a hyperelliptic curve of genus g − j − 1 joint at two points. As divisors (cf. [3] ),
Hence if f : S → B is a non-isotrivial semi-stable family of hyperelliptic curves of genus g with singular locus Υ/∆, and ϕ : B → H g the induced map, then
. 
Upper bound of ω
The purpose of this subsection is to prove Theorem 1.5. The proof is based on a generalized Miyaoka-Yau's inequality (see Theorem 3.1 below). What we do is to take a suitable base change and to choose suitable components contained in singular fibres (but not the entire singular fibres).
First we recall the generalized Miyaoka-Yao's theorem (cf. [21] ). Let X x the germ of a quotient singularity of (C 2 /G x ) 0 (in the analytic sense), where G x is a finite subgroup of GL(2, C) with the origin 0 being its unique fixed point. Let X E be the minimal resolution of X x and E the exceptional divisor (= the inverse image of x).
. Let X # be a projective surface with only quotient singularities, and Λ the singular locus of X # . Let D be a reduced normal crossing curve which lies on the smooth part of X # . Let X be the minimal resolution of X # and E ⊆ X the inverse image of Λ (with reduced structure). Assume the negative part in the Zariski decomposition of ω X + D + E has the form N + N ′ such that supp N is disjoint with E and supp N ′ ⊆ E. Then
If X # contains at most rational singularities of type A (cf. [2, § III-3]), X is minimal and of general type, and D is composed of some disjoint smooth elliptic curves, then χ top (D) = 0 and the negative part in the Zariski decomposition of ω X + D + E is just E, which is some chains of (−2)-curves. Hence in this case,
Note that for a singularity x of type A k , the invariant v(x) defined in (3-1) is equal to (k + 1) − 1 k+1 . Therefore we get Theorem 3.2. Let conditions be the same as that of Theorem 3.1. Assume that each point x ∈ Λ is a quotient singularities of type A kx , X is minimal and of general type, and D is composed of some disjoint smooth elliptic curves. Then
We are now able to prove Theorem 1.5.
Proof of Theorem 1.5. We use the notations introduced in Sections 1 and 2.
Consider first the case g = 2. In this case, f is a semi-stable hyperelliptic family, whence Υ = ∅; otherwise, from [3, Proposition 4.7] , it follows that deg f * Ω 1 S/B (log Υ) = 0, which is impossible, since f is assumed to be non-isotrivial. Note that for a singular fibre
. Therefore when g = 2, our theorem is a direct consequence of the strict canonical class inequality (cf. [35] ):
In the rest part of the proof, we assume g ≥ 3.
Let s c = #Σ c , s nc = #Σ nc . For any p ∈ ∆, let F p = f −1 (p), and
Let S → S # be the contraction of p∈∆ E p ⊆ S, and f # : S # → B the induced morphism.
Then f # : S # → B is nothing but the stable model of f . Note also that, for any p ∈ ∆ c , the image of D p on S # lies on the smooth part of S # , which we still denote by D p . For any singular point q of S # , (S # , q) is a rational double point of type A λq , here λ q is the number of (−2)-curves in S over q. For convenience, we also denote by q the singular point of the fibres on the smooth part of S # , in which case, λ q = 0. So a singular point (S # , q) of type A 0 is understood as a node of the fibres but a smooth point of S # . Let F # p be the image of F p on S # for p ∈ ∆, and
We claim Claim 3.2.1. For each p ∈ ∆ c , D p is smooth (not necessary irreducible), and
where |D p | is the number of irreducible components of D p .
We leave the proof of the claim at the end of the section. Let φ : B → B be a cover of B, such that deg φ = de and φ ramifies uniformly over ∆ nc with ramification index equaling to e. By Kodaira-Parshin construction, such a cover exists for all e if b = g(B) > 0 and for odd e ≥ 3 if b = 0 (cf. [38] or [35] ). Letb = g(B) be the genus of B. According to Hurwitz formula, we get
Let S # = B × B S # be the fibre-product, S → S # the minimal resolution of singularities. We have the following commutative diagram:
For p ∈ ∆ c , the inverse image of a singular point (S # , q) of type A λq with q ∈ F # p is de singular points of the same type A λq in S # . For p ∈ ∆ nc , the inverse image of a singular
Since φ is unbranched over ∆ c , D is smooth and lies on the smooth part of S # , and the number of irreducible components in D is
Because f is semi-stable,f : S → B is also semi-stable, and
It is not difficult to see that S is minimal and of general type ifb = g(B) ≥ 1, which is satisfied when de is large enough. Hence applying Theorem 3.2 to the case by setting X # = S # , X = S, and D as above, we get
We use (2-1), (3) (4) (5) (6) , (3) (4) (5) (6) (7) and (3) (4) (5) (6) (7) (8) in the last step above. Note that
Combining (3-11) with (3-4) and (3-5), one gets
Therefore by (3) (4) (5) (6) (7) (8) (9) , (3) (4) (5) (6) (7) (8) (9) (10) and (3-12), we get
Letting e tend to infinity, we get the required inequality (1-4). If s nc > 0, then letting e be large enough, one has 1
Hence if ∆ nc = ∅, then the inequality (1-4) is strict. Finally, if ∆ = ∅, then f is a Kodaira family, and deg Ω
so it follows from [19, Corollary 0.6] that (1-4) is also strict.
Remark 3.3. If (1-4) is indeed an equality, i.e.,
is equivalent to
It follows that S \ p∈∆c D p is a ball quotient by [16] or [22] . 
, and hence 2g − 2 = ω S · F p = 2. It is impossible, since g ≥ 3 by our assumption.
It remains to prove (3) (4) (5) . For this purpose, we make use of the stable model F # p of F p . As F p has compact Jacobian, F The section aims to prove Theorem 1.7. So we always assume that f : S → B is a nonisotrivial semi-stable family of hyperelliptic curves of genus g ≥ 2 with relative irregularity q f = q(S) − g(B).
When q f = 0, it is a direct consequence of the Noether's formula and the following formula given in [3, Proposition 4.7] :
When q f > 0, the proof starts from the observation that the double cover π : S → S/ σ is fibred, where σ is the involution on S induced by the hyperelliptic involution on fibres of f . From this it follows a restriction on those invariants δ i (Υ)'s and ξ j (Υ)'s (cf. Proposition 4.1).
And the proof of Theorem 1.7 is completed in Section 4.3 by combining this with (4-1).
4.1. Proof of (1-6) for q f = 0
By (2-4) and (2-6), one has
From the above equation together with Noether's formula and (4-1), it follows that
Hence (1-6) is proved for q f = 0.
Hyperelliptic family with positive relative irregularity
The main purpose of this subsection is to prove the following proposition for a semistable hyperelliptic family with positive relative irregularity.
Proposition 4.1. Let f : S → B be a non-isotrivial semi-stable family of hyperelliptic curves of genus g with singular locus Υ/∆. Let δ i (Υ)'s and ξ j (Υ)'s be defined in Section 2. Assume that the relative irregularity q f = q(S) − g(B) > 0. Then
As said before, the key point is the observation that the induced double cover π : S → S/ σ is fibred. To be more precise, let f : S → B be as in the above proposition, and f # : S # → B the stable model. The hyperelliptic involution induces a double cover π # : S # → Y # . By resolving the singular points, one gets a double coverπ : S → Y between smooth surfaces with smooth branched divisor R ⊆ Y . Letf : S → B and h : Y → B be the induced morphism. 
is commutative, R is contained in the fibres of ǫ, and q(X) − q(Z) = g(C) − g(D), where g(C) (resp. g(D)) is the genus of C (resp. D), q(X) = dim H 0 (X, Ω 1 X ), and
The next theorem is proved in [15] . For readers' convenience, we reprove it here. Proof. Note that the Galois group Gal(X/Z) ∼ = Z 2 has a natural action on H 0 (X, Ω 1 X ). Let
be the eigenspace decomposition. Then
Let ω 1 , · · · , ω k be a basis of H 0 (X, Ω 1 X ) −1 . First we prove that there exists a morphism ̟ : X → C to a curve C with connected fibres, such that there exist
is invariant under the action of the Galois group for any i = j. Hence it belongs to
which is zero by our assumption
, there exists a morphism ̟ : X → C with connected fibres such that (4-5) holds.
For the case k = 1, note that π : X → Z induces a surjective morphism Alb(π) : Alb(X) → Alb(Z) between abelian varieties as follows.
According to the theory on abelian varieties (cf. [29] ), there exists a one-dimensional abelian variety (i.e., an elliptic curve) C 0 such that Alb(X) is isogenous to Alb(Z) × C 0 , i.e., there exists a morphism ϕ : Alb(X) → Alb(Z)×C 0 with finite kernel. Let pr : Alb(Z)×C 0 → C 0 be the projection, and ̟ 0 pr • ϕ • Alb X : X −→ C 0 be the composition. As Alb X (X) generates Alb(X), ̟ 0 is surjective. By Stein factorization (cf. [11, § III-11]), we get a morphism ̟ : X → C with connected fibres. And (4-5) is clearly satisfied. Note that the property (4-5) implies that the morphism ̟ : X → C is unique. In particular, the Galois group Gal(X/Z) ∼ = Z 2 induces an automorphism group G on C. Let D = C/G, and π ′ : C → D be the natural morphism. Then by construction, there exists a morphism ǫ :
Let σ be the non-identity element of Gal(X/Z). Then the fixed locus Fix(σ) of σ is clearly contained in the fibres of ̟. So R = π Fix(σ) is contained in the fibres of ǫ. By (4-5), one sees that the eigenspace decomposition of H 0 (C, Ω 1 C ) with respect to the action of G is
where
.
Coming back to our case. Note that q( S) = q(S) and q( Y ) = g(B). If q f = q(S)−g(B) > 0, it follows that q( S) > q( Y ). As Y is a ruled surface, the geometric genus p g ( Y ) = 0. Hence by Theorem 4.3 above, we get 
is commutative, R is contained in the fibres ofh ′ and
Our purpose is to prove Proposition 4.1. Before going to the detailed proof, we show that the curve D in the above proposition is actually isomorphic to P 1 , whence g(B ′ ) = q f by (4-6).
Let F and F ′ be any fibres off : S → B andf ′ : S → B ′ respectively. By restrictions, we get the following two morphisms:
It is clear thatf ′ | F andf | F ′ are surjective and have the same degree
Proposition 4.5. Let f : S → B be a non-isotrivial semi-stable family of hyperelliptic curves of genus g ≥ 2, and d be defined in (4-8). Then d ≥ 2, D ∼ = P 1 , and
Proof. If d = 1, then it follows that S is birational to F × B ′ . It is a contraction, since f is non-isotrivial. So d ≥ 2. Ash : Y → B is the ruling of the ruled surface Y , a general fibre Γ ofh is isomorphic to P 1 . By the discussion above, Γ is mapped surjective to D byh ′ . Hence D ∼ = P 1 , i.e., g(D) = 0. By (4-6), g(B ′ ) = q f . According to Hurwitz formula for algebraic curves, we get
So (4-9) is proved. 
Proof of Proposition 4.1. In order to prove (4-4), we may limit ourselves to the family whose stable model f # : S # → B comes from an admissible double cover (cf. [3] or [10] ); that is, a double cover of a family h # : Y # → B of stable (2g + 2)-pointed noded curves of arithmetic genus zero, branched along the 2g + 2 disjoint sections σ i of h # and possibly at some of the nodes of fibres of h # . Actually, for any semi-stable family of hyperelliptic curves over a curve, we may get a family of admissible covers by base change and blowingups of singular points in the fibres. These operations have the effect of multiplying all the invariants δ i (Υ)'s and ξ j (Υ)'s by the same constant, and the relative irregularity q f is non-decreasing under these operation. Let Λ = {p i } be the set of points of Y # which are nodes of their fibres. Following [3, P 470 ], if the local equation of Y # at p i is xy = t m i , then we say that p i has multiplicity m i . We also denote by α i the index of p i , i.e., the two connected components of the partial normalization of the fibre Γ # through p i intersect those 2g + 2 sections in α i and 2g + 2 − α i ≥ α i points respectively.
Let Y → Y # be the resolution of singularities on Y # , andπ : S → Y the smooth double cover with branched divisor R as in Figure 4 Let Λ = {q l } be the set of points of Y which are nodes of fibres ofh. For a node q l ∈ Γ in a fibre Γ ofh, we also define the index of q l to be β l if the two connected components of the partial normalization of the fibre Γ at q l intersect those 2g + 2 sections in β l and 2g + 2 − β l ≥ β l points respectively. Then a node p i in a fibre of h # of index α i with multiplicity m i would introduce m i nodes in the corresponding fibre ofh with the same indices α i .
Leth ′ : Y → D ∼ = P 1 be the morphism given in Proposition 4.4. Letρ : Y →Ŷ be the largest contraction of 'vertical' (−1)-curves such that we still have a morphismĥ ′ :Ŷ → D, here 'vertical' means such a curve is mapped to a point on B.
This means that any 'vertical' (−1)-curve inŶ is mapped surjectively onto D byĥ ′ . Since R is contained in fibres ofh ′ by Proposition 4.4,R =ρ( R) is contained in fibres ofĥ ′ . So in particular any 'vertical' (−1)-curve inŶ is not contained inR ⊆Ŷ . LetR h =ρ( R h ).
Claim 4.6.1. For any 'vertical' (−1)-curve C inŶ , C ·R ≥ 2q f + 2. In particular,
Proof of the claim. Note thatR is the union ofR h and some curves in fibres ofĥ, wherê h :Ŷ → B is the induced morphism fromh : Y → B. Hence for any 'vertical' (−1)-curve C, letΓ be the fibre ofĥ containing C. Then
Therefore it suffices to prove C ·R ≥ 2q f + 2. Let C ′ ⊆ S and C ⊆ Y be the strict inverse image of C on S and Y respectively. Then by construction, C ′ is mapped surjectively onto B ′ byf ′ , and
Applying Hurwitz formula to the double cover C ′ → C ∼ = P 1 , whose branched locus is at most C ∩ R, one gets 2g(C ′ ) − 2 ≤ −4 + #( C ∩ R).
Now we contractρ :Ŷ → Y to be a P 1 -bundle h : Y → B in such a way that the order of any singularity of R h =ρ(R h ) is at most g + 1. It is easy to see that such a contraction exists. a singularity of R h,l−1 of order n l−1 . Then one sees that each blowing-up ρ l creates a node q ∈ Λ with index β = n l−1 . Hence
By Claim 4.6.1, for 1 ≤ l ≤ s, any blowing-up ρ l : Y l → Y l−1 is centered at a point y l−1 with n l−1 ≥ 2q f + 1. In other words, for 1 ≤ l ≤ s, each ρ l creates a node q ∈ Λ with index at least 2q f + 1. We divide the nodes Λ of fibres ofh into two parts: one, denoted by Λρ, is created by blowing-ups contained inρ; the other one, denoted by Λρ, is created by blowing-ups contained inρ. Then
Note that R h consists of 2g +2 disjoint sections σ i 's. According to [3, Lemma 4.8] , it follows that
Combining (4-10), (4) (5) (6) (7) (8) (9) (10) (11) (12) and (4-13), one getŝ
Now according to Proposition 4.4, R h ⊆ R is contained in the fibres ofh ′ . By our construction,R h =ρ( R h ) is contained in the fibres ofĥ ′ . In particular,R 2 h ≤ 0. Hence by (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) , we obtain
Let ǫ k (resp. ν k ) be the number of points q l ∈ Λ of index 2k + 1 (resp. 2k + 2). Then it is clear that ǫ k (resp. ν k ) is also the number of points p i ∈ Λ of index 2k + 1 (resp. 2k + 2), counted according to their multiplicity. Hence (cf. [3, (4.10) 
Combining all together, one gets
, the sum is taken over all q l ∈ Λ with index β l ≥ 2q f + 1,
, the sum is taken over all q l ∈ Λ with index β l < 2q f + 1, and such points are all contained in Λρ by (4-11),
This completes the proof.
The next lemma will be used in Section 6.
Lemma 4.7. Let f : S → B be a non-isotrivial semi-stable family of hyperelliptic curves of genus g with singular locus Υ/∆, and d be defined in (4) (5) (6) (7) (8) .
Proof. As what we did in the proof of Proposition 4.1, we may assume that the stable model f # : S # → B comes from an admissible cover. We also use the same symbols and notations introduced there. According to (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) , it suffices to prove that
Since any point q l ∈ Λρ is of index β l ≥ 2q f + 1, it is enough to prove that for any point q l ∈ Λρ is of index β l = 2. Let k = β l . Assume that q l ∈ Λρ is created by a blowing-up ρ l : Y l → Y l−1 centered at y l−1 ∈ R h,l−1 ⊆ Y l−1 . Then y l−1 is a singularity of R h,l−1 of order k. Let {τ 1 , · · · , τ k } ⊆ R h,l−1 be those sections passing through y l−1 , and h l−1 : Y l−1 → B, h ′ l−1 : Y l−1 → D the induced morphisms. Since R h,l−1 is contained in fibres of h ′ l−1 by construction, and {τ 1 , · · · , τ k } have a common point y l−1 , it follows that {τ 1 , · · · , τ k } must be contained in one fibre of h ′ l−1 .
Denote byΓ the fibre of h ′ l−1 containing {τ 1 , · · · , τ k }, and by F ′ the corresponding fibre off ′ : S → B ′ . Then it is not difficult to see that
is the restricted map of F ′ (resp.Γ, resp τ i ) to B. This completes the proof.
Proof of Theorem 1.7 for q f > 0
The subsection aims to prove Theorem 1.7 for the case q f > 0. It is based on the formula (4-1) given by Cornalba-Harris and (4-4) obtained in Proposition 4.1.
We consider first the case ∆ nc = ∅. By (4-1) and (4-3), one gets
Combining this with (4-4), one gets
If q f = 1, then
If q f ≥ 2, then
Hence (1-6) holds for ∆ nc = ∅.
Now we consider the case that ∆ nc = ∅. Note that in this case,
Hence by (4-1) and (4-3), we get
Hence (1-6) holds too for ∆ nc = ∅. If moreover q f ≥ 2, then according to and (4-17), we get
So (1-7) is proved.
5. Flat part of R 1 f * C for hyperelliptic families
The purpose of the section is to prove Theorem 1.6. It is based on two lemmas. The first one is Lemma 5.2, coming from a discussion with Chris Peters, on the global invariant cycle with unitary locally constant coefficient, which generalizes Deligne's original theorem with the constant coefficient. The second one is Bogomolov's lemma on Kodaira dimension of an invertible subsheaf of the sheaf of logarithmic differential forms on a smooth projective surface (cf. [34, Lemma 7.5 
]).
Let f : S → B be a non-isotrivial semi-stable family of hyperelliptic curves of genus g, Υ → ∆ the singular fibres of f , and S 0 → B \ ∆ the smooth part of f . The direct image sheaf R 1 f * C S 0 is a local system on B \ ∆, which underlies a variation of Hodge structures of weight one. Let
be the Higgs bundle by taking the graded bundle of the Deligne extension of R 1 f * C S 0 ⊗ O B\∆ . According to [8] or [17] ,
where A 1,0 is an ample vector bundle over B and F 1,0 is a flat vector bundle coming from a representation of the fundamental groupρ F : π 1 B \ ∆ −→ U (r) into a unitary group of rank r = rank F 1,0 . Note that the monodromy around ∆ is unipotent, since f is semi-stable. Henceρ F actually factors through π 1 (B):
Theorem 5.1. Let f : S → B be a semi-stable family of hyperelliptic curves over B as above. Then after a suitable base change which is unbranched over B \ ∆, F 1,0 is a trivial bundle, i.e.,
where r = rank F 1,0 .
Note that F 1,0 and F 0,1 are dual to each other. Hence Theorem 1.6 follows from Theorem 5.1. Indeed, from Theorem 5.1 it follows that the image ofρ F is finite. Becausẽ ρ F factors through π 1 (B) and i * is surjective, one gets that ρ F has also finite image. It implies that after a suitable base change which is unbranched over B, F 1,0 (hence also its dual F 0,1 ) becomes a trivial bundle. So it remains to prove Theorem 5.1.
The proof of Theorem 5.1 depends on the following general statement on the global invariant cycle with unitary locally constant coefficient, The proof stated below comes from a discussion with Chris Peters. We thank him very much.
Lemma 5.2. Let f : X 0 → B 0 be a smooth proper morphism. Take X ⊃ X 0 to be a smooth compactification of X 0 , and let U be a locally constant sheaf U over X, which comes from a representation of π 1 (X, * ) into the unitary group U (n). Then the canonical morphism:
is surjective. The unitary locally constant sheaf U on X carries in a natural way a polarized variation of Hodge structure, say, of pure type (0, 0). Hence it follows from Saito's theory that there Proof. Since the local monodromy of V around ∆ is unipotent and the local monodromy of the subsheaf U around ∆ is semisimple, so U extends on B as a locally constant sheaf. The morphism U ⊂ V C corresponds to a section
Applying Lemma 5.2, η lifts to a classη ∈ H 1 (S, f * U ∨ ) under the canonical morphism
Note that this canonical morphism is a morphism between pure Hodge structures of weight-1, and by the construction η is of type (1,0), soη is of type (1,0), i.e.,
which corresponds to a morphism f * U → Ω 1 S , such that under the canonical morphism it goes back to U ⊂ f * Ω 1 S/B (log Υ).
In the rest part of this section, we prove Theorem 5.1. It follows from Corollary 5.3 and Bogomolov's lemma on Kodaira dimension of an invertible subsheaf in the sheaf of logarithmic differential forms on a smooth projective surface (cf. [34, Lemma 7.5] ).
According to Corollary 5.3, for any flat vector subbundle U ⊆ F 1,0 , there is a sheaf morphism f * U → Ω 1 S , such that the induced canonical morphism
coincides with the subbundle U ⊆ f * Ω 1 S/B (log Υ). Letπ : S → Y be the smooth double cover described in Figure 4 .2-1, and ϑ : S → S be the blowing-ups. By pulling back, we obtain a sheaf morphism
which corresponds to an elementη
By pushing-out, we also obtain an element (whereh : Y → B is the induced morphism)
So one gets a sheaf morphismh
The Galois group Gal( S/ Y ) ∼ = Z 2 acts oñ
One obtains the eigenspace decompositioñ
Lemma 5.4. The image of the map
is an invertible subsheaf M such that M is numerically effective (nef ) and M 2 = 0. Let Γ be a general fibre ofh, and D be any component of the branch divisor R ⊆ Y of the double coverπ : S → Y . Then
Proof. First of all, we want to show that ̺ = 0. It is known that
where R ≡ 2 L (≡ stands for linearly equivalent) is the defining data of the double cover π : S → Y . Note that the induced map
is just the inclusion U ⊆ E 1,0 . Hence in particular, ̺ = 0. We claim that the image of ̺ is a subsheaf of rank one. Otherwise, it is of rank two, and so the second wedge product
is a non-zero map. Note that the image of that map is a quotient sheaf of ∧ 2 g * U coming from a unitary local system, so the image sheaf is semi-positive. But, it is impossible, since ω Y can not contain any non-zero semi-positive subsheaf. So the image of ̺ is a rank one subsheaf M ⊗ I Z , where M is an invertible subsheaf and dim Z = 0. Actually, Z = ∅; otherwise by a suitable blowing-up ρ : X → Y , we may assume the image of ρ * h * U is ρ * (M ) ⊗ (−E), where E is a combination of the exceptional curves. As U comes from a unitary local system, we get ρ * (M ) ⊗ (−E) is semi-positive and
So M is semi-positive and M 2 ≥ −E 2 > 0, which implies that the Kodaira dimension of M is 2. On the other hand, by (5-1), we get the following inclusion of sheaves,
As 2 L ≡ R is effective, the Kodaira dimension of L ⊗ M is also 2, which is impossible by Bogomolov's lemma (cf. [34, Lemma 7.5] ). Hence the image of ̺ is an invertible subsheaf M , which is semi-positive since it is a quotient sheaf of a vector bundle coming from a unitary local system. Note that we still have the inclusion (5-3). So again by Bogomolov's lemma (cf. [34, Lemma 7 .5]), we get
Finally, according to (5-2), we have
Proof of Theorem 5.1. Similarly as the proof of Proposition 4.1, we may restrict ourselves to the situation that the induced double cover π # : S # → Y # in Figure 4 .2-1 comes from an admissible double cover (cf. [3] or [10] ). In fact, for any semi-stable family f : S → B of hyperelliptic curves, we may get a family of admissible covers by a base change which is unramified over B \ ∆ and blowing-ups of singular points in the fibres. We first prove that in such a situation, F 1,0 is a direct sum of line bundles F i on B, i.e.,
By assumption, the branched divisor R ⊆ Y of the induced smooth double coverπ : S → Y is a union of 2g + 2 sections and some curves contained in fibres ofh : Y → B. Let D be such a section, and Note that M is a quotient ofh * U . As D is a section, D ∼ = B. Hence we may view F is an invertible subsheaf on B, which is a quotient of U . As U comes from a unitary local system, U is poly-stable. Thus U = F ⊕ U ′ , which is a contradiction, since U = U i is irreducible by our assumption. Hence we obtain the required decomposition . Now applying [4, § 4.2] or [1, Theorem 3.4], we get that F i is torsion in Pic 0 (B). Hence after a suitable base change which is unbranched over B, F i ∼ = O B . Therefore, the proof is finished.
Conclusions
The purpose of the section is to prove our main results, Theorems 1.2 and 1.3. As illustrated in Section 1, the proof follows from the Arakelov equality for the characterization for f being a Kuga family together with those bounds on ω 2 S/B given in Theorems 1.4, 1.5 and 1.7.
Let f : S → B be a Kuga family of curves of genus g ≥ 2. Let Υ/∆ denote semi-stable singular fibres, Υ c /∆ c denote those singular fibres with compact Jacobians, and Υ nc /∆ nc correspond to singular fibres with non-compact Jacobians. Then the logarithmic Higgs bundle associated to the VHS of f is decomposed as Higgs subbundles
is described on Page 2. As f is a Kuga family, θ| A 1,0 is an isomorphism by [24] or [37] . In other words, one has
6.1. Proof of Theorem 1.2
The case ∆ nc = ∅ is already proved in Section 1. We consider here only the case ∆ nc = ∅. In this case, ∆ = ∆ c and Υ = Υ c .
Since the logarithmic Higgs bundle associated to the family has strictly maximal Higgs field, by (6-1), we have
Combining this with (1-3), one has
Together with (1-4), we get (ii). There is also another way to show that δ 1 (Υ) and δ h (Υ) cannot be zero simultaneously if f is a Kuga family with Υ = Υ c and strictly maximal Higgs field. Assume δ 1 (Υ) = δ h (Υ) = 0, then (6-3) is an equality, which implies that (6-2) is also an equality. So we have
This implies that f must be a hyperelliptic family by [3, Theorem (4.12) ]. However, for a hyperelliptic family with no singular fibres, deg f * Ω 1 S/B (Υ) = 0 by (4-1), which is impossible.
Proof of Theorem 1.3
The subsection is aimed to prove Theorem 1.3. The idea is similar to that of proving Theorem 1.2. It is based on the Arakelov equality for the characterization for f being a Kuga family together with those bounds on ω 2 S/B given in Theorems 1.5 and 1.7. We also need the fact that the rank of flat part of the logarithmic Higgs bundle associated to f is exactly the relative irregularity q f up to some unbranched base change.
We assume in this subsection that f : S → B is a Kuga family of hyperelliptic curves. 
Note that the property that the Higgs field θ is maximal remains true under any unbranched base change. Hence the Arakelov equality for the characterization for f being a Kuga family reads as deg
Combining this with (6-4), (1-4) and (1-6), one obtains that if and if ∆ nc = ∅, then
One might imagine that it is impossible if g is large enough, since δ i (Υ)'s are non-negative; and one of δ i (Υ)'s must be positive by (4-1) if ∆ nc = ∅. In other words, there should not exist a Kuga family of hyperelliptic curves of genus g when g is sufficiently large. The detail computation is complicated and occupies the rest of the section.
Proof of Theorem 1.3. We divide the proof into two cases: ∆ nc = ∅ and ∆ nc = ∅. Case I. ∆ nc = ∅. In this case, we prove that q f ≤ 1 and
First we prove q f ≤ 1. Assume that q f ≥ 2. Then by Propositions 4.4 and 4.5, we get a morphismf ′ : S → B ′ with g(B ′ ) = q f ≥ 2, where S → S is the blowing-up of S centered at those points fixed by the hyperelliptic involution. Clearlyf ′ factors through S → S, hence we obtain a morphism f ′ : S → B ′ . It is easy to see that the restricted map f ′ | F : F → B ′ is surjective, where F is any fibre of f : S → B. Let F 0 be a singular fibre of f over ∆ nc . Then F 0 has a non-compact Jacobian by assumption. As f reaches the Arakelov equality, by [20, Corollary 1.5] and its proof, one gets that the geometric genus of F 0 is g(F 0 ) = q f . As f ′ | F 0 is surjective, there is at least one irreducible component of F 0 , saying C, mapped surjectively onto B ′ . Hence g(C) ≥ g(B ′ ) = q f by Hurwitz formula. Thus
and C is a section of f ′ : S → B ′ since q f ≥ 2. By (6-9), we see that any component of F 0 other than C is rational and hence contracted by f ′ . This implies deg (f ′ | F ) = deg (f ′ | F 0 ) = 1 for any general fibre F of f . Hence f ′ | F is an isomorphism between F and B ′ for a general fibre F of f . It follows that q f = g(B ′ ) = g(F ) = g, which is a contradiction to (4) (5) (6) (7) (8) (9) . Therefore q f ≤ 1.
Now we prove (6) (7) (8) . If q f = 0, then by (6-4), the Higgs field associated to f is strictly maximal. So (6-8) follows from Theorem 1.2, in which we prove that g ≤ 3 for arbitrary families if ∆ nc = ∅. It remains to consider the case q f = 1. According to , one gets
This implies that g < 8, i.e., g ≤ 7 as required.
In this case, we prove that q f ≤ 3 and
6, if q f = 3.
(6-10)
We divide the proof into three subcases:
Note that δ 1 (Υ) ≥ 0, δ h (Υ) ≥ 0, and they cannot be zero simultaneously by (4-1).
(6-11)
Subcase B: q f = 2.
In this subcase, (6-7) reads as
When g ≥ 8, it is easy to show that
But this is impossible by (6) (7) (8) (9) (10) (11) and (6) (7) (8) (9) (10) (11) (12) . Hence we may assume g ≤ 7. So
As q f = 2, by (1-7), one has
Combining this with (6-12), we obtain
Thus if g ≥ 6, then it follows that 0 ≥ δ h (Υ), so δ h (Υ) = 0. According to (6-13), we get δ 1 (Υ) = 0 too. However, it is a contradiction by (6) (7) (8) (9) (10) (11) . Therefore, we have proved that g ≤ 5 if q f = 2.
Subcase C: q f ≥ 3. In this subcase, it suffices to prove g ≤ 6, from which it follows that q f = 3 by Proposition 4.5. To our purpose, we assume g ≥ 7 in the rest. We will deduce a contradiction, and so complete the proof.
Since ∆ nc = ∅, b = g(B) ≥ 2 by (6-4). Let d be the degree of the Albanese map S → Alb (S). According to Proposition 4.5 and Remark 4.6, it is known that d ≥ 2. If d = 2, then by Lemma 4.7,
Note that by a remarkable result of Xiao (cf. [39] or Remark 4.6),
Hence according to (6-7), we get
By (6) (7) (8) (9) (10) (11) and (6) (7) (8) (9) (10) (11) (12) (13) (14) , we see that it is impossible. Finally we assume d ≥ 3. By (4-9) and Remark 4.6, q f ≤ g+1 3 . It follows that g ≥ 3q f − 1 ≥ 8. According to (6-7), we get . By (1-7), δ 1 (Υ) = 0 too. This is a contradiction by (6) (7) (8) (9) (10) (11) . Therefore the proof is complete.
Examples
In this section, we construct two Shimura curves contained generically in the Torelli locus of hyperelliptic curves of genus 3 and 4 respectively.
The idea is to construct first non-isotrivial semi-stable families of hyperelliptic curves of genus g = 3 and 4 respectively by taking double covers of ruled surfaces branched over suitable branched locus. Then we show that their corresponding Jacobian families reach the Arakelov bound. By [37] (or [24] ), a semi-stable one-dimensional family of g-dimensional abelian variety reaching the Arakelov bound gives a Kuga curve in A g . Hence we obtain two Kuga curves contained generically in the Torelli locus of hyperelliptic curves of genus g = 3 and 4 respectively.
To show that those two Kuga curves are indeed Shimura curves, first we note that the Higgs field associated to the family is actually strictly maximal for g = 4, hence by virtue of [37] , it is a Shimura curve. For g = 3, we present two ways to prove that such a Kuga curve is also Shimura.
Example 7.1. Shimura curve contained generically in the Torelli locus of hyperelliptic curves of genus g = 3.
Let C 0 , H x 0 ⊆ X 0 = P 1 × P 1 be defined respectively by 1 + (4t − 2)x 2 + x 4 = 0, and x = x 0 , where t and x are the coordinates of the first and second factor of X 0 respectively. The projection of C 0 to the first factor P 1 of X 0 branches exactly over three points, i.e., {0, 1, ∞}. Locally, it looks like the following. 
∞
Let ϕ : P 1 → P 1 be the cyclic cover of degree 4 defined by t = (t ′ ) 4 , totally ramified over {0, ∞}. Let X 1 be the normalization of the fibre-product X 0 × P 1 P 1 and R the inverse image of
Then R is a double divisor, i.e., we can construct a double cover S 1 → X 1 branched exactly over R. Let S ′ → X r be the canonical resolution, and f : S → P 1 the relatively minimal smooth model as follows.
By the theory of double covers (cf. [2, § III.22]), it is not difficult to show that f : S → P 1 is a semi-stable hyperelliptic family of genus g = 3. In fact, there are exactly 6 singular fibres in the family f , i.e., those fibres Υ over ∆ := ϕ −1 (0 ∪ 1 ∪ ∞). More precisely, for any fibre F over ϕ −1 (1), F is an irreducible singular elliptic curve with exactly two nodes, hence ξ 0 (F ) = 2, and δ 1 (F ) = ξ 1 (F ) = 0;
(ii). We prove that f is a Shimura family by showing that our family f is actually isomorphic to a known Shimura family constructed by Moonen and Oort [26] .
Let
Then by virtue of (7-2), we see that our family is isomorphic to
Such a family can be viewed as a family of abelian covers of P 1 branched exactly over 4 points with Galois group Z 2 × Z 4 and local monodromy of the branched points being (1, 0), (1, 1), (0, 1), (0, 2) . And it is just the family (22) given in [26, §6, Table 2 ], which is Shimura. So is f .
We remark that by [26] , we do not know whether the corresponding Shimura curve is complete or not (i.e., whether ∆ nc = ∅ or not). Our concrete description shows that such a Shimura curve is a non-complete rational Shimura curve. The construction is similar to Example 7.1. Let C 0 , H x 0 and X 0 be the same as those in Example 7.1. Let π : B → P 1 be a cover of degree 8, ramified uniformly over {0, 1, ∞} with ramification indices equal to 4. It is easy to see that such a cover exists, and g(B) = 2, #(∆) = 6, where ∆ = ϕ −1 (0 ∪ 1 ∪ ∞). Let X 1 be the normalization of X 0 × P 1 B and R the inverse image of
Then R is a double divisor, i.e., we can construct a double cover S 1 → X 1 branched exactly over R. Let f : S → B the relatively minimal smooth model as follows.
By [2, § III.22], one can show that f : S → B is a semi-stable hyperelliptic family of genus g = 4 with 6 singular fibres, i.e., those fibres Υ over ∆. More precisely, for any fibre F ∈ Υ, F consists of two smooth elliptic curves D 1 , D 2 , and a smooth curve D of genus 2, such that D 1 does not intersect D 2 , and D intersects each D i in one point for i = 1, 2. Hence δ 1 (F ) = 2, and δ 2 (F ) = ξ 0 (F ) = ξ 1 (F ) = 0. So δ 1 (Υ) = 12, and δ 2 (Υ) = ξ 0 (Υ) = ξ 1 (Υ) = 0.
